SCHUR-CLASS MULTIPLIERS ON THE FOCK SPACE: DE 
BRANGES-ROVNYAK REPRODUCING KERNEL SPACES AND 
TRANSFER-FUNCTION REALIZATIONS 
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Abstract. We introduce and study a Fock-space noncommutative analogue 
of reproducing kernel Hilbert spaces of de Branges-Rovnyak type. Results in- 
clude: use of the de Branges-Rovnyak space 7i(Ks) as the state space for the 
unique (up to unitary equivalence) observable, coisometric transfer-function 
realization of the Schur-class multiplier S, realization-theoretic characteriza- 
tion of inner Schur-class multipliers, and a calculus for obtaining a realization 
for an inner multiplier with prescribed left zero-structure. In contrast with the 
parallel theory for the Arveson space on the unit ball B d C <C d (which can be 
viewed as the symmetrized version of the Fock space used here), the results 
here are much more in line with the classical univariate case, with the extra 
ingredient of the existence of all results having both a "left" and a "right" 
version. 



Dedicated to the memory of Tiberiu Constantinescu 
1. Introduction 

Recently there has been much interest and an evolving theory of noncommu- 
tative function theory and associated multivariable operator theory and multi- 
dimensional system theory with evolution along a free semigroup; we mention 
[llMll3IIIllI2Enil22ESll23EniEniE21El- A central player in many of these de- 
velopments is the noncommutative Schur class consisting of formal power series in 
a set of noncommuting indeterminates which define contractive multipliers between 
(unsymmetrized) vector-valued Fock spaces; such Schur-class functions play the role 
of the characteristic function for the Popescu analogue for a row contraction of the 
Sz.-Nagy-Foia§ model theory for a single contraction operator (see [3U1EI)- F° r 
the classical (univariate) case, there is an approach to operator-model theory com- 
plementary to the Sz.-Nagy-Foia§ approach which emphasizes constructions with 
reproducing kernel Hilbert spaces over the unit disk rather than the geometry of 
the unitary dilation space of a contraction operator. Our purpose here is to flesh 
out the ingredients of this approach for the Fock space setting. The appropriate 
noncommutative multivariable version of a reproducing kernel Hilbert space has 
already been worked out in |15j and certain other relevant background material 
appears in Unlike the work in some of the papers mentioned above, specifically 
[31 EI H C2I EOl EU E3 EH ESI E3 E2| , we shall deal with formal power series with 
operator coefficients as parts of some formal structure (e.g., as inducing multiplica- 
tion operators between two Hilbert spaces whose elements are formal power series 
with vector coefficients) rather than as themselves functions on some collection of 

1991 Mathematics Subject Classification. 47A57. 

Key words and phrases. Operator valued functions, Schur multiplier. 



2 



J. A. BALL, V. BOLOTNIKOV, AND Q. FANG 



noncommutative operator-tuples. Before discussing the precise noncommutative 
results which we present here, we review the corresponding classical versions of the 
results. 

For U and y two Hilbert spaces, let C(U, y) denote the space of bounded linear 
operators between U and y. We also let H^(J}) be the standard Hardy space of 
the ZY-valued holomorphic functions on the unit disk D. By the classical Schur 
class S(U, y) we mean the set of C(U, y)-valued functions holomorphic on the unit 
disk D with values 5(A) having norm at most 1 for each A G O. There are several 
equivalent characterizations of the class S(U,y); for convenience, we list some in 
the following theorem. 

Theorem 1.1. Let S be an C(U,y) -valued function defined on the unit disk ES>. 
Then the following are equivalent: 

(1) 5 G S(U,y), i.e., S is analytic on D with contractive values in C(lA,y). 

(2) The multiplication operator Ms '■ f{z) i— ► S{z) ■ f{z) is a contraction from 
i$(B) into H y (B). 

(3) The kernel 

K n n h - 5(A)5(Q* 

is positive on D x D, i.e., there exists an auxiliary Hilbert space X and a 
function H : ID) — > C{X ', y) such that 

K s (\,()=H(\)H(Cy for all A, ( G D. (1.1) 

(4) There exists a Hilbert space X and a unitary connection operator (or colli- 
gation ) U of the form 

"a d1 r vi r v 

(1.2) 
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so that 5(A) can be realized in the form 

S{\)=D + \C{I X -\A)- 1 B. (1.3) 

(5) There exists a Hilbert space X and a contractive connecting operator U of 
the form l|1.2|l so that H1.3(l holds. 

A pair (C, A) is called an output pair if C G C(X,y) and A G C(X,X). An 
output pair (C, A) is called contractive if A* A + C*C < Ix, isometric if A* A + 

oc 

C*C — Ix and observable if |^| Ker CA n — {0}. We shall say that the realization 

n=0 

(ll.3|) of 5(A) is observable if the output pair (C, A) occurring in (|1.3|l is observable. 
Furthermore, with an output contractive pair (C, A), one can associate the positive 
kernel 

K c ,a(X, - C(I - XA)- 1 ^ - (Al^C* (1.4) 

which is (as it is readily seen) defined on D x D. 

As also remarked in [S], the coisometric version of (4) (2) is particularly 
transparent, since in this case a simple computation shows that then ljl.l|l holds 
with H(X) = C(I - XA)- 1 , i.e., K S (X, C) = K c ,a{\ 0- We have the following sort 
of converse of these observations. 
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Theorem 1.2. (1) Suppose that S £ S(U,y) and that (C, A) is an observable, 
contractive output-pair of operators such that 



K s (X,0 = K c ,a(^0- 



(1.5) 



Then there is a unique choice of B : Li — > X so that U = [ q ] is 
coisometric and U provides a realization for S: S(X) — S(0) + \C{I — 
XA)- X B. 

(2) Suppose that we are given only an observable, contractive output-pair of 
operators (C, A) as above. Then there is a choice of an input space U and 
a Schur multiplier S £ S(U, y) so that ljl.5(l holds. 

As we see from Theorem ll.il for any Schur-class function S £ S(U,y), we can 
associate the positive kernel Ks(X, () and therefore also by Aronszajn's construction 
the reproducing kernel Hilbert space Tt(Ks); this space is called the de Branges- 
Rovnyak space associated with S. It turns out that any observable coisometric 
realization U for S is unitarily equivalent to a certain canonical functional-model 
realization. 

Theorem 1.3. Let S £ S{U,y). Then the operator 



U 



dBR 



AdBR 
CdBR 



BdBR. 
DdBR 





'H(K S ) 




~H(K S ) 




U 




y 



with the entries given by 



A 



dBR 



/(A) 



/(A) - /(O) 
A 



BdBR ■ U - 
DdBR - U 



S(X)- S(0) 
A 

S(0)u 



- u, 



CdBR '■ f > /(0)i 

provides an observable and coisometric realization 

S(X) = DdBR + XCdBR{lH(K s ) — XAdBR) l BdBR- 



(1.6) 



Moreover, any other observable coisometric realization of S is unitarily equivalent 
to (JIU). 

Let us say that a Schur function S E S(U, y) is inner if the associated mul- 
tiplication operator Ms : Hjj(H)) — > Hy(H)) is a partial isometry. Equivalently, 
S E S(U, y) and the almost everywhere existing boundary value function S{Q) = 
lim r -|-i S{rC) is a partial isometry for almost all ( 6 T. The following characteriza- 
tion of inner functions in terms of realizations is well known (see |18l I19| 1. 

Theorem 1.4. A Schur multiplier S £ S(IA, y) is inner if and only if its essentially 
unique observable, coisometric realization of the form (|1.3f) is such that A is strongly 
stable, i.e., 



lim \\A n x\\ = for all x £ X. 



(1.7) 



Inner functions come up in the representation of shift-invariant subspaces of 
Hy as in the Beurling-Lax theorem. The following version of the Beurling-Lax 
theorem first identifies any shift-invariant subspace as the set of solutions of a 
collection of homogeneous interpolation conditions and then obtains a realization 
for the Beurling-Lax representer in terms of the data set for the homogeneous 
interpolation problem. The finite-dimensional version of this result can be found 
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in ^3 Chapter 14] while the details of the general case appear in JHj • We let M\ 
denote the shift operator 

M X : /(A) -> A/ (A) for / G Hy(W) 

and given a contractive pair (C, A) we let 

A<A.,o = {/efl3(B): (C7) AL (^*) = 0} (1.8) 

where we have set 

oo oo 

(C*f) AL (A*) := J] A* n C*f n if /(A) - £ f n X n 6 #£(B). 

Theorem 1.5. (1) Suppose that Ai is a subspace of Hy(B>) which is M\- 
invariant. Then there is an isometric pair (C, A) such that A is strongly 
stable (i.e., (|1 .T|) holds) and such that Ai = A4a*,c*- 
(2) Suppose that the shift-invariant subspace Ai C Hy(D) has the representa- 
tion Ai = A4a*,c* in (|1.8|l where (C, A) is an isometric pair with A 
strongly stable. Choose an input space IA and operators B : hi — > X and 
D:U -^y so that 



U = 



A 


B 




X 




X 


C 


D 




u 




y_ 



is unitary. Then the function 5(A) = D + \C(Ix ~ XA) B is inner (i.e., 
Ms is isometric) and is a Beurling-Lax repres enter for Ai: 

S-Hftp) = M A .,c: 

Our goal here is to obtain noncommutative analogues of these results, where 
the classical Schur class is replaced by the noncommutative Schur class of con- 
tractive multipliers between Fock spaces of formal power series in noncommuting 
indeterminates and where the classical reproducing kernel Hilbert spaces become 
the noncommutative formal reproducing kernel Hilbert spaces introduced in |15j . 
Let z = (zi, . . . , Zd) and w — (wi, . . . , Wd) be two sets of noncommuting indetermi- 
nates. We let Td denote the free semigroup generated by the d letters {!,..., d}. 
A generic element of is a word w equal to a string of letters 

a = In ■ ■ ■ i\ where ik € {1, . . . , d} for k = l,...,N. (1-9) 

Given two words a and j3 with a as in (|1.9J) and j3 of the form j3 — jn' • • • ji , say, 
the product a(3 is defined by concatenation: 

aft = ijv • • ■ i\3N' ■ ■ -ji 6 Fd- 

The unit element of Td is the empty word denoted by 0. For a a word of the form 
(|1.9I) . we let z a denote the monomial in noncommuting indeterminates 

7 C ' — 7- ■ ■ ■ Z- 

and we let z = 1. We extend this noncommutative functional calculus to a <i-tuple 
of operators A = {A\, . . . , Ad) on a Hilbert space X: 

A v =Ai N ---A h if v = i N ---h ejr d \{0}; A®=I X . (1.10) 

We will also have need of the transpose operation on Td'- 

a T =ii---iN if a = iff-ii. (1-H) 
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A natural analogue of the Szego kernel is the noncommutative Szego kernel 



The associated reproducing kernel Hilbert space 7i(fcsz) (in the sense of JS]) is 
a natural analogue of the classical Hardy space ff 2 (ES); we recall all the relevant 
definitions and main properties more precisely in Section Our main purpose 
here is to obtain the analogues the Theorems II . 11 - fTTKl above with the classical Szego 
kernel replaced by its noncommutative analogue l|1.12|) . 

In particular, the analogue of Theorem 1 1 . 51 involves the study of shift-invariant 
subspaces of the Fock space Hy(^Fd) generated by a collection of homogeneous 
interpolation conditions defined via a functional calculus with noncommutative op- 
erator argument. We mention that interpolation problems in the noncommutative 
Schur-multiplier class defined by nonhomogeneous interpolation conditions associ- 
ated with such a functional calculus have been studied recently by a number of 
authors, including the late Tibcriu Constantinescu to whom this paper is dedicated 
(see [3 E3 E2 EH1 ) • While the Fock-space version of the Beur ling-Lax theorem al- 
ready appears in the work of Popescu (2Hj (see also [H]), the proof here through inner 
solution of a homogeneous interpolation problem gives an alternative approach. 

The present paper (with the exception of the final Section 0) parallels our com- 
panion paper |U] where corresponding results are worked out with the noncommuta- 
tive Szego kernel (|1.12|l replaced by the so-called Arveson kernel fc^(A, £) = 1/(1 — 
(A, C)c d ) which is positive on the unit ball M d = {A = (Ai, . . . , \d) '■ J2k=i \^k\ 2 < 
1} of C d . There the corresponding results are more delicate; in particular, the ob- 
servable, coisometric realization for a contractive multiplier is unique only in very 
special circumstances, but the nonuniqucness can be explicitly characterized. In 
contrast, the results obtained here for the setting of the noncommutative Szego 
kernel kg z (z, w) parallel more directly the situation for the classical univariate case. 

The paper is organized as follows. After the present Introduction, Section [21 re- 
calls the main facts from |15j which are needed in the sequel. Section [21 introduces 
the noncommutative Schur class of contractive Fock-space multipliers S and the 
associated noncommutative positive kernel K$(z, w), and develops the noncommu- 
tative analogues of Theorems 11.11 and 11.21 In fact, various pieces of the noncom- 
mutative version of Theorem ll.il (see theorem l3.1l below s l are already worked out in 
|15l I3UI [T5] . In connection with the noncommutative analogue of Theorem ll.2l fsee 
Theorems 13 . 51 and 13 . 81 below) . we rely on our paper [5J where the structure of non- 
commutative formal reproducing kernel spaces of the type "H(Kc,a) were worked 
out. Section 0] introduces the noncommutative functional- model coisometric colli- 
gation XJdBR and obtains the analogue of Theorem 11.31 for the Fock space setting 
(see Theorem lOl below) . This functional model is the Brangesian model parallel to 
the noncommutative Sz.-Nagy-Foia§ model for a row contraction found in |3UII16| . 
The final Section [3] uses previous results concerning H(Ks) and H(Kc,a) to arrive 
at the Fock-space version of Theorem 11.51 (see Theorems 15.11 and 15.21 below) in a 
simple way. 

2. Noncommutative formal reproducing kernel Hilbert spaces 

We now recall some of the basic ideas from |15] concerning noncommutative 
formal reproducing kernel Hilbert spaces. We let z = (zi, . ■ ■ , Za), w = (u>i, . . . , Wd) 




(1.12) 
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be two sets of noncommuting indeterminates and we let Td be the free semigroup 
generated by the alphabet {1, . . . , d} with unit element equal to the empty word 
as in the introduction. Given a coefficient Hilbert space y we let y(z) denote the 
set of all polynomials in z — (zi,..., zj) with coefficients in y : 



y{z) 



!p(z) = p a z a : p a £ y and p a — for all but finitely many a > , 



while y{{z)) denotes the set of all formal power series in the indeterminates z with 
coefficients in y-. 



y((z)) = \f(z)= E f a z a -.f a ey\ 



Note that vectors in y can be considered as Hilbert space operators between C 
and y. More generally, if U and y are two Hilbert spaces, we let C{U,y)(z) and 
£,(U,y){{z)) denote the space of polynomials (respectively, formal power series) 
in the noncommuting indeterminates z — [z\, zj) with coefficients in C(U,y). 
Given S = £ ae ^ s a z a e £(U, y)((z)) and / = U z& G ««*», the product 

S(z) ■ f(z) £ y((z)) is defined as an element of y{(z)) via the noncommutative 
convolution: 

S(z)-f(z) = E s a f z^=J2[ E »*ff>)* v - (2- 1 ) 

Note that the coefficient of z v in 12. 1|) is well defined since any given word v G 
can be decomposed as a product v = a ■ (3 in only finitely many distinct ways. 

In general, given a coefficient Hilbert space C, we use the C inner product to 
generate a pairing 

(•, ')cxC((v,)y.CxC((w))->C((w)) 

via 



U E W) = E (cJp)e^ T eC((w)). 

We also may use the pairing in the reverse order 



/ E f a w a ,c\ = E (U,c) e w a e C((w}). 

\aeF d I C ((w))xC ae:F d 

These are both special cases of the more general pairing 

( E f-w' a , E 90 w0 ) = E (/a>5/J><W a . 

\ae^d PtFd / c({w'))xC((w)) <*>P£F d 

Suppose that H is a Hilbert space whose elements are formal power series in y((z)) 
and that K(z,w) — J2 a per d ^a,pz a w l3T is a formal power series in the two sets 
of d noncommuting indeterminates z — (z 1; . . . , zj) and w = (wt, . . . , w^). We say 
that K{z 1 w) is a reproducing kernel for Ji if, for each (3 € Td the formal power 
series 

K p {z) := E K a,(3Z a belongs to H 
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and we have the reproducing property 

(f,K(-,w)y)nxH{(w)) = (f(w),y)y(( w ))xy for every f £ TL. 
As a consequence we then also have 

(K(-,w')y',K(-,w)y) n{{w , ))xn{{w)) = (K(w, w')y', y)y(( w ,w'))xy- 

It is not difficult to see that a reproducing kernel for a given TL is necessarily unique. 

Let us now suppose that TL is a Hilbert space whose elements are formal power 
series f(z) = YlaeF fv 2 "" e y(( z )) f° r a coefficient Hilbert space y. We say that 
TL is a NFRKHS {noncommutative formal reproducing kernel Hilbert space) if, for 
each a £ J-d, the linear operator <I> Q : TL — > y defined by f(z) — J2ve.F fv% v ^ J~ot 
is continuous. In this case, define K(z,w) £ C(y)((z,w)) by 

K{z,w) = $* p wP T =: K a , p z a w 0T . 

Then one can check that K(z,w) is a reproducing kernel for TL in the sense de- 
fined above. Conversely (see ^1 Theorem 3.1]), a given formal kernel K(z,w) — 
S Q p^Fa Ka^ 7 ^^ £ £(y)((z, w)) is the reproducing kernel for some NFRKHS 
TL if and only if K is positive definite in either one of the equivalent senses: 

(1) K(z, w) has a factorization 

K(z,w) = H(z)H(w)* (2.2) 
for some H £ C(X,y)((z)) for some auxiliary Hilbert space X. Here 

h(w)* = J2 H i wPT = E H h wP if H ^ = E HaZ °- 

(2) For all finitely supported 3^-valued functions a i— > y a it holds that 

E ( K «,«>y*>,y*) >0. (2.3) 

If X is such a positive kernel, we denote by TL(K) the associated NFRKHS consist- 
ing of elements of y((z)). 

3. The noncommutative Schur class: associated positive kernels and 
transfer-function realization 

A natural analogue of the vector-valued Hardy space over the unit disk (see 
e.g. P^j) is the Fock space with coefficients in y which we denote here by Hy(Td): 

H y {F d ) = \f{z)= ]T f a z v : IIMI 2 <^}- 

When y = C we write simply H 2 (T d ). As explained in [TB], H 2 (T d ) is a NFRKHS 
with reproducing kernel equal to the following noncommutative analogue of the 
classical Szego kernel: 

k Sz (z,w) = zQu;QT - 
Thus we have in general Hy{Td) — TL(ks z ®Iy). We let Sj denote the shift operator 



S 3 : f(z) = Y fv* V ~ /(*) ■ *j = E for j = 1, . . . , d (3.2) 
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on Hy(Td)', when we wish to specify the coefficient space 3^ explicitly, we write 
Sj (g> Iy rather than only Sj. The adjoint of Sj : Hy(Fd) — > Hy(Fd) is then given 

by 

S* : ~ Y, fa*" for J = 1. • • • » ( 3 - 3 ) 

We let Mnc,dipi,y) denote the set of formal power series S(z) = J^ae^a s a z<x 
with coefficients s a G C(U,y) such that the associated multiplication operator 
Ms- f{z) i * S'(z) • f(z) (see l|2.1|) l defines a bounded operator from H^(!Fd) to 
Hy{Td)- It is not difficult to show that M. nc ,d(U, y) is the intertwining space for 
the two tuples S <g>I u = (Si ®I U , ■ ■ ■ , , S d <g> J M ) and S®/^ = (Si®I;y, . . .,S d ®Iy): 
an operator X £ £(£/, ^) equals X = Ms for some S G A4 nCt d(M, y) whenever Sj (8 
= X(5j ® 7^) /or j — 1, . . . ,d (see e.g. [231 where, however, the conventions 
are somewhat different). We define the noncommutative Schur class S nCt d(l(,y) to 
consist of such multipliers S for which Ms has operator norm at most 1 : 

S nc , d (U,y) = {S^ C{U,y): M S : H y {T d ) -» ffj(^d) with ||M s || op < 1}. (3.4) 

The following is the noncommutative analogue of Theorem II. II for this setting. 

Theorem 3.1. Let S(z) G £(<U, y)((z)) be a formal power series in z = (z±, ... , z<j) 
with coefficients in C(U,y). Then the following are equivalent: 

(1) S G S nc , d (U,y), i.e., M S : U{z) -» given &y M 5 : p(*) -» S(*s)p(z) 
extends to define a contraction operator from H^Td) into Hy(Td). 

(2) The kernel 

K s (z, w) := k Sz {z, w) - S(z)k Sz {z, w)S(w)* (3.5) 

is a noncommutative positive kernel (see (|2.2[) and 1)2.3)) )■ 

(3) There exists a Hilbert space X and a unitary connection operator U of the 
form 











~A\ 


B{ 




'X' 


u = 


A 


B 










X 






C 


D 




A d 


B d 




U 




X 










_C 


D_ 




y 



(3.6) 



so that S(z) can be realized as a formal power series in the form 

d 

S{z) = D + J2J2 ca " b j zV - z j= d + C{I - Z{z)A)- 1 Z(z)B (3.7) 

3=1 v£F d 

where we have set 









'Ax- 




~B{ 


Z(z) = [zxl x . 


■ Zdix] , 


A = 


Ad. 


, B = 


. B d. 



(4) There exists a Hilbert space X and a contractive block operator matrix U 
as in 13.6)1 such that S(z) is given as in (|3.7|) 

Proof. (1) (2) is Theorem 3.15 in ^5]. A proof of (2) =>■ (3) is done in 
|16l Theorem 5.4.1] as an application of the Sz.-Nagy-Foia§ model theory for row 
contractions worked out there following ideas of Popescu [23 EES i an alternative 
proof via the "lurking isometry argument" can be found in Theorem 3.16]. 



MULTIPLIERS ON THE FOCK SPACE 



9 



The implication (3) => (4) is trivial. The content of (4) => (1) amounts to 
Proposition 4.1.3 in ^j- D 

We note that formula i|3.7|) has the interpretation that S(z) is the transfer func- 
tion of the multidimensional linear system with evolution along Td given by the 
input-state-output equations 

{x(l ■ a) — Aix(a) + Biu(a) 
■ ■ (3.9) 

x(d ■ a) — Adx(a) + Bdu(a) 

y{a) — Cx(a) + Du{a) 

initialized with x(0) = 0. Here u(a) takes values in the input space hi, x(a) takes 
values in the state space X, and y(a) takes values in the output space y for each 
a S Td- If we introduce the noncommutative Z-transform 

{x{a)} aeJ r d i-> x(z) := x(a)z a 

and apply this transform to each of the system equations in Ij3.9|l . one can solve for 
y(z) in terms of u{z) to arrive at 

y(z) = T s (z) • u(z) 

where the transfer function T-^(z) of the system (|3.9I) is the formal power series 
with coefficients in C(U, y) given by 

d 

Tz(z) = D + Y CA v B j z v z j =D + C{I- Z(z)A)- 1 Z{z)B. (3.10) 

j=l a^Fd 

For complete details, we refer to [T^IHTIIT^] . 

The implication (4) =>• (2) can be seen directly via the explicit identity (|3.11() 
given in the next proposition; for the commutative case we refer to |5J Lemma 2.2]. 

Proposition 3.2. Suppose that U = : X © U — > X d © y is contractive 

with associated transfer function S S S nCt d(L(,y) given by l|3.7Jl . Then the kernel 
Ks{z,w) given by H3.5(l is can also be represented as 

K s {z, w) = C(I X - Z(z)A)- 1 (I x - A*Z(w)*)- 1 C* + D s (z, w) (3.11) 

where 

D s (z, w) = [C(I X - Z(z)A)- 1 Z{z) I y ] k Sz (z, w) 
■ (i - uu*) - A*Z(w)*)- 1 C*~ l 

Proof. For a fixed a 6 Td, let us set 

X a = z a w aT I y - S{z)z a w aT S(w)*, (3.13) 

Y a = [c(i-z(z)A)- 1 z(z) i y ]z a w aT (i -uu*) ZM^-^MT 1 ^* 1 

Note that by and (|3~TJl . 

Y x a = Ks{z,w) and Y a — Dg(z,w). 



(3.12) 
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Therefore (|3.11|1 is verified once we show that 

^ x Q - ^ y a = c(7- z(z)A)- 1 (i - A*z( w yy 1 c*. (3.i4) 

ae^d aefd 

Substituting (|3.7[) into l|3.13[) gives 

X a = z a w aT I y - [D + C(I - Z(z)A)- 1 Z(z)B] ■ z a w aT ■ 
■ [D* + B*Z(w)*(I - A*Z(w)*)- 1 C*} 
= z a w aT (Iy - DD*) - C(I - Z{z)A)Z(z)BD*z a w aT 

- z a w aT DB*Z(w)*(I - A*Z{w)*)- 1 C* 

- C(I - Z{z)A)- 1 Z(z)B ■ z a w aT ■ B*Z(w)*(I - A* Z{w)*)~ l C* . 
On the other hand, careful bookkeeping and use of the identity 



I - UU* = 



I - AA* - BB* -AC* - BD* 
-CA* - DB* I - CC* - DD* 



gives that 

Y a = C(I - Z(z)A)- 1 Z(z) ■ z a w aT ■ (I - AA* - BB*)Z(w)*(I - A* Z(w)*)~ 1 C* 

- C(I - Z(z)A)- 1 Z(z)(AC* + BD*)z a w aT 

- z a w aT (CA* + DB*)Z{w)*(I - A*Z(w)*y 1 C* 
+ z a w aT (I - CC* - DD*). 

Further careful bookkeeping then shows that 

X a - Y a = z a w aT CC* + C(I - Z(z)A)- 1 Z(z)AC*z a w aT 
+ z a w aT CA*Z(w)*(I - A*Z(w)*)- 1 C* 

- C(I - Z{z)A)- l Z{z) ■ z a w aT ■ [I - AA*)Z(w)*(I - A*Z(w)*)- 1 C* 
= C(I - Z{z)A)- 1 (z a w aT I x - Z{z)z a w aT Z{w)*){I - A* Z(w)*)~ 1 C* . (3.15) 
Note that 



Z(z) ■ z a w aT ■ Z(w)* = z k z a 



w w k 



k=l 



and hence 

J2 Z(z)z a w aT Z(w)* = z a w aT Ix- 

a€fj: |a|=JV aeF d -- |a|=iV+l 

Therefore, 

E z a w aT I x - E Z(z)z a w aT Z{ 



aEFd 



aEFd 



= E E z a w aT I x -J2 E z a w aT I x =Ix- (3.16) 

JV=0aejF d : \w\=N N^aeFa: \ui\=N 

Summing (|3.15|) and combining with l|3.16[) gives the result 13.14fl as wanted. □ 
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Given a d-tuple of operators Ai, . . . , Ad on the Hubert space X, we let A = 
(A±, . . . ,Ad) denote the operator d-tuple while A denotes the associated column 
matrix as in (|3.8[1 considered as an operator from X into X d . If C is an operator 
from X into an output space y, we say that (C, A) is an output pair. The paper 
[S] studied output pairs and connections with the associated state-output noncom- 
mutative linear system (|3.9[1 . We are particularly interested in the case where in 
addition (C, A) is contractive, i.e., 

AlAi + ---+A* d A d + C*C <I X . (3.17) 

In this case we have the following result. 

Proposition 3.3. Suppose that (C, A) is a contractive output pair. Then: 

(1) The observability operator 

O c ,a ■ x h+ (CA v x)z a = C(I - Z{z)A)~ 1 x (3.18) 

maps X contractively into Hy^j)- 

(2) The space Ran Oc,a is a NFRKHS with norm given by 

\Pc,Ax\\h(k g , a ) = \\Q x \\x 

where Q is the orthogonal projection onto (Ker Oc,a)' L oxid with formal 
reproducing kernel Kq,a given by 

K c ,a(z,w) = C(I - Z{z)A)- 1 {I - ZiwfA*)- 1 ^. (3.19) 

(3) H.(Kc,a) *s invariant under the backward shift operators S* given by (|3.3() 
for j = 1, . . . , d and moreover the difference- quotient inequality 

d 

EH^/IIh(* ,a)^ 11/11 H(Ka, A )-WM\y f° ral1 (3-20) 

J=l 

is satisfied. 

(4) 'H(Kc.a) is isometrically included in Hy^j) if and only if in addition A 
is strongly stable, i.e., 

lim V ||A U 2!|| 2 = for all xeX. (3.21) 

N—>oo — ' 

aefj: \a\=N 

Proof. We refer the reader to [HI Theorem 2.10] for complete details of the proof. 
Here we only note that the backward-shift-invariance property in part (3) is a 
consequence of the intertwining relation 

■S'jCV.A C' ( -. A .I ; for j = l,...,d (3.22) 

and that, in the observable case, (|3.20|) is equivalent to the contractivity property 
(l3~T7ll of (C.A). □ 

The paper [5] studies the NFRKHSs TL(K) where the kernel K has the special 
form Kc,a for a contractive output pair as in l|3.19|l . Here we wish to study the 
noncommutative analogues of de Branges-Rovnyak spaces T-L(K$) with Kg given 
by (l3~51) . 

The following corollary to Proposition 13 . 21 gives a connection between kernels of 
the form Kc,a for a contractive output pair (C, A) and kernels of the form K$ for 
a noncommutative Schur-class multiplier S E S nc ,d{M, y)- 
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Corollary 3.4. Suppose that the operator U of the form (|3.fi|l is contractive with 
associated noncommutative Schur multiplier S(z) given by (|^ . T|> . Suppose that the 
associated output-pair (C, A) with A = (A\, . . . ,Aj) is observable (i.e., the ob- 
servability operator Oc,a given by l|3.18|) is infective). Then the associated kernels 
Ks(z,w) and Kc,a(z,w) given by f[]>J and (|3~T5|) are the same 

K s (z,w)=K CiA (z,w) (3.23) 

if and only if U is coisometric. 

Proof. By Proposition 13.21 the identity of kernels 13.23(1 holds if and only if the 
defect kernel Ds(z,w) defined in H3.12fl is zero. Let us partition / — UU* as a 
(d+ 1) x (d+ 1) block matrix with respect to the (d+ l)-fold decomposition X d ®y 
of its domain and range spaces 

/-UU* = [Mi^x^Ka+x 

and let us write D${z, w) as a formal power series 

D s (z,w)= D vy z v w v '. 

It follows from (|3.12(l that D VyV > is given by 

D v>v , = Yl CA fi M i jA*i 1 C* 

^a^G-T-d : (3ia.— v,a T j-y T — v' 

+ Yl m m+i 

+ Y M d+h3 + M d+1 ,d+X, 

je{i,...,d},0eFd-- j-y T =v'(v T )- 1 
where in general we write 

i I v' if v = v'w 

vw = < 

I undefined otherwise. 

Considering the case v = v' = leads to M^+i^+i = 0. Considering next the 
case v = io, v' = leads to M i(u d + i = for i = l,...,d. Similarly, the case 
v = 0, v' = jo leads to Ma+x,j = for j = l,...,d. Considering next the 
case v = io, v' = jo leads to CM; 0j0 C* = for all ?o, jo = 1, ...,d, and hence 
C(I — UU*)C* = 0. The general case together with an induction argument on the 
length of words leads to the general collapsing 

CAP (I - V\3*)A*~< T C* = 0. 

The observability assumption then forces / — UU* = 0, i.e., that U is coisometric 
as wanted. □ 

Alternatively, we can suppose that we know only the contractive output pair 
(C, A) and we seek to find a noncommutative Schur multiplier S € S nCy d(U,y) so 
that H3.23fl holds. We start with a preliminary result. 

Theorem 3.5. Let (C, A) with C £ C(X,y) be a contractive output-pair. Then 
there exists an input space U and an S € S nc ^dipi,y) so that 

K s {z,w) = K CfA {z,w). (3.24) 
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Proof. By the result of Corollary 13.41 it suffices to find an input space U and an 
operator [ g ] : U -> X d © y so that U:= [ $ g ] : #ffiW-># d e;yisa coisometry. 
The details for such a coisometry-completion problem are carried out in the proof 
of Theorem 2.1 in 0. □ 

We now consider the situation where we are given a contractive output-pair 
(G, A) and a noncommutative Schur multiplier S G S nc ,d(M, y) so that Ij3.24|l holds. 

Lemma 3.6. Let 

F{z) = F «*° e ^(WJ) and G(z) = ^ G^' 6 C{W ,y) 

be two formal power series. Then the formal power series identity 

F{z)F{w)* = G{z)G(w)* (3.25) 
is equivalent to the existence of a ( necessarily unique ) isometry V from 

T>v '■= span„ eJ r d Ran F* cW onto IZy ■= span„ eJ r Ran G* C U' 
so that the identity of formal power series 

VF(w)* = G{w)* (3.26) 

holds. 

Proof. If there is an isometry V satisfying l|3.26[) . equating coefficients of v T gives 

VF* = G* 

The isometric property of V then leads to 

F V ,F* = G V ,G* for all v,v'eT d (3.27) 

from which we get 

J2 F v ,F*z v 'w vT = GvG* v z v 'w vT 



which is the same as (|3.25|1 written out in coefficient form. 

Conversely, the assumption (|3.25|> leads to l|3.27|l . Then the formula 

V:F%y~G*y for v&F d and yty (3.28) 

extends by linearity and continuity to a well-defined isometry (still denoted by V) 
from T>v onto IZy- Since identification of coefficients of z v on both sides of (|3.26() 
reduces to l|3.28[) . we see that (I3.26f) follows as wanted. □ 

Lemma 3.7. Let(C,A) be a contractive output pair and S € C(l4,y)((z)) a formal 
power series. Then the following are equivalent: 

(1) lEPH) holds, i.e., 

C(I - Z{z)A)- 1 (I - A*Z(w)*)- 1 C* = k Sz (z, w)I y - S(z)k Sz (z, w)S(w)*. (3.29) 

(2) The alternative version of (|3.29|l holds: 

C(I - Z{z)A)- 1 {I x - Z(z)Z(w)*)(I - A*Z(w)*)- 1 C* = 1- S(z)S{w)*. (3.30) 
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(3) There is an isometry 

v _ Ay By 
~ [Cy Dy 

so that we have the identity of formal power series: 



[Ran(e> c ,A)*] d ® X®U 



'Ay 


By 




Cy 


Dy 





Z(w)*(I - A*Z(w)*C* 
Iy 



(I - A*Z(w)*)- 1 C* 



(3.31) 



Proof. (1) (2): Suppose that holds. Then 

C{I - Z{z)A)- 1 Z{z)Z{w)*{I - A*Z(w)*)- 1 C* 
d 

= w k C{I - Z(z)A)- 1 (I - A*Z(w)*)- 1 C*z k 



k=l 



d / d \ 

= ^2 w k k Sz {z, w)z k - S(z) w k k Sz (z, w)z k S(w)* 

k=l \fe=l / 

= (fc Sz (z, w) - l)I y - S{z) (ksz(z, w) - 1) S(w)* 
and consequently, 

C(I - Z(z)A)- 1 {I - Z(z)Z(w)*){I - A*Z(w)*y 1 C* 
= k Sz (z, w)Iy - S{z)k Sz (z, w)S(w)* 

- [{k Sz (z, w) - l)I y - S(z) (k Sz (z, w) - 1) S(w)*] 

= Iy- S(z)S(w)* 

and we recover H3.3()|l as desired. 

Conversely, assume that (pHUj) holds. Multiplication of |{3~3T)|) on the left by 
and on the right by z 1 gives 

C(I - Z(z)A)- 1 (z~<w~< T I x - Z{z)z^w^ Z(w)*^j (I - A*Z(w)*)- 1 C* 

= z 1 w ir I y -S{z)z 1 wi T S{w)*. (3.32) 

Summing up i|3.32[) over all 76^ leaves us with (I3.29|) . This completes the proof 
of (1)^(2). 

(2) •<=>• (3): Observe that H3.30fl can be written in equivalent block matrix 
form as 

~Z(w)*(I- A*Z{w)*)~ 1 C* 1 



w ' 



[C(I-Z(z)A)^Z(z) Iy 

= [C(I Z(z)A)~ 1 S(z)} 



~{I - A*Z(w)*)- 1 C* 
S(w)* 

Now we apply Lemma 13.61 to the particular case 



F{ w y 



Z(w)*(I - A*Z(w)*y 1 C* 



aw = 



(I - A*Z(w)*)- 1 C* 
S(w)* 



to see the equivalence of (2) and (3). It is easily checked that T>y for our case here 
is the d-fold inflation of the observability subspace inside X : 



Vy = [span^ Ran A* v C*] d ®y = [RanOaAjf © y. 



□ 
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Theorem 3.8. Suppose that S(z) £ S nc ,d{M,y) and that (C, A) is an observable, 
contractive output-pair such that Ij3.24|l holds. Then there exists a unique operator 



B 



U 



X d so that U 



q f I is a coisometry and U provides a 



realization for S: S(z) = S0 + C(I — Z(z)A) 1 Z(z)B. 

Proof. We are given the operators A: X — > X d , C ': X — > y and D = : U — > ^ 
and seek an operator B:U~*X d so that = D + (7(7 - Z(z)A)- 1 Z(z)B, or, 
what is the same, so that 

S(w)* = D* + B*Z(w)*(I - A*Z(w)*)- 1 C*. 

This last identity can be rewritten as 



A* C* 
B* D* 



Z(w)*(I - A*Z(w)*)- 1 C* 
Iy 



(I - A* Z(w)*)~ 1 C* 

s( w y 



(3.33) 



since the identity 

A*Z(w)*(I - A*Z(w)*)- 1 C* +C* = (I - A*Z(w)*)- 1 C* 

expressing equality of the top components holds true automatically. Lemma 13.71 
tells us that there is an isometry V = [cl r%] X A ®y X ®U which has the 
same action as desired by [^1 ] in H3.33JI . It suffices to set B* = Cy ■ □ 



We say that two colligations U = [ g ^] : X ®U — » X 



yand V=[*%\ 



are unitarily equivalent if there is a unitary operator U : X — > X' such that 



~®LiU o" 




A 


B 




'A' 


B'~ 




~U 


0" 


Iy 




c 


D 




C 


D' 










Corollary 3.9. Any two observable, coisometric realizations U and U' for the 

same S £ S nCj d(pl,y) are unitarily equivalent. 

Proof. Suppose that U = [q £] and U' = ^, ] are two such realizations. From 
Proposition 13 . 21 we see that 

Kc,a{z,w) = ifc'.A'O 2 '™)- 

Then Theorem 2.13 of [5] implies that (C, A) is unitarily equivalent to (C, A'), so 
there is a unitary operator U: X — * X' such that 



Then U 



C' = CU* and ^ = UAjU* for j = 1, . 
and U' = 



A' (® d k = 1 U)B 
C" D 



B D ] both give coisometric realizations of 

S with the same observable output pair (C, A'). By the uniqueness assertion of 
Theorem 13.51 it follows that B 1 = (®f =1 U)B as well, and hence U and U' are 
unitarily equivalent. □ 



4. DE BRANGES-ROVNYAK MODEL COLLIGATIONS 

In this section we show that any S G S n c,d(U,y) has a canonical observable, 
coisometric realization which uses H{Ks) as the state space. We first need some 
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preliminaries concerning the finer structure of the noncommutative de Branges- 
Rovnyak functional-model spaces TC(Ks). Let us denote the Taylor coefficients of 
S(z) as s v , so 



S(z) = ^2 s v zV > 

to avoid confusion with the (right) shift operators Sj : f(z) i— » f(z) ■ Zj. 

Just as in the classical case, the de Branges-Rovnyak space Tt(Ks) has several 
equivalent characterizations. 

Proposition 4.1. Let S G S nc ^d(pl, y) and let TL be a Hilbert space of formal power 
series in y((z)). Then the following are equivalent. 

(1) TL is equal to the NFRKHS TL(Ks) isometrically, where Ks(z,w) is the 
noncommutative positive kernel given by (|3.5|l . 

(2) TL = Ran (7 - MgMg) 1 / 2 with lifted norm 

\\(I - M s M s ) 1/2 g\\n = \\Qg\\ H ^ d) (4.1) 

where Q is the orthogonal projection ofHy(J-d) onto (Ker (J— MsMg) 1 ^ 2 )^ . 

(3) TL is the space of all formal power series f(z) G y((z}} with finite TL-norm, 
where the TL-norm is given by 



2 

H - 



sup [wf + MsgWl^- \\g\\ 2 H ^ d) }. (4.2) 



Proof. (1) <^> (2): It is straightforward to verify the identity 

(I - M s Mg)(k Sz (-,w)y) = K s {-,w)y for each y G y. 

(The interpretation for this is that, for each word 7, the coefficient of w 1 of the left 
hand side agrees with the coefficient of w 1 on the right hand side as elements of 
TC{k s Jy) = H y (F d )— see US]). We then see that 

((/ - M s Ms)k Sz {-,w')y', (I - M s Ms)ks z (-,w)y)-H(K s )((w'))xH(K s )({w})) 
= {Ks(-,w')y\K s (-,w)y} H{Ks){{w , ))xn{Ks){{w)) 
= (Ks(w,w')y',y)y {{w , :W))x y 
= (K s (-,w')y\ks z (-,w)y) H 2 ird){{w/))xH 2 i jr d){{w)) 

= ((^-^s^|)fesz(^^'y> fc sz(-,w)y)(i ? =(^ (i )({ W '))xi?j(^)<( W >))' 

It follows that Ran (I - MsMfj C TL{K S ) with 

((/ - M s M* s )g, (I - M s M* s )g') H[Ks) = ((I - M s M* s )g, g') H ^ d) 

for g,g' G H y {Td). The precise characterization TL(K S ) = Ran (I - MsMg) 1 / 2 
with the lifted norm l|4.1l) now follows via a completion argument. 
(2) (3): This follows from the argument in [31 NI-6]. 

□ 

Proposition 4.2. Suppose that S G Sncdipl , y) and let TL(Ks) be the associated 
NFRKHS where K$ is given by (|3.5() . Then the following conditions hold: 
(1) The NFRKHS TC(Ks) is contained contractively in Hy(J-d): 

\\f\\n y (r d ) ^ WfWn(Ks) f° r aU f e n (Ks). 
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(2) TL{Ks) is invariant under each of the backward-shift operators S* given by 
(|3.3jl for j = 1, . . .d, and moreover, the difference- quotient inequality (13.20(1 
holds for H(K S ): 



E W S jf\\n(K s ) 

3=1 



< 



\h(k s ) 



I/0II 



(4.3) 



(3) For each u and j = l,...,d, the vector S*(Msu) belongs to Ti(Ks) 
with the estimate 



J2\\S;(Msu)f n{Ks) <\\uf u -\\s 9 u\\ 



(4.4) 



Proof. We know from Theorem 13 . II that S(z) can be realized as in l|3.6|l and (|3.7|) 
with U = [ ^ £ ] a coisometry (or even unitary). From Proposition ^ . 2l it follows that 
Ks(z, w) = Kc,a{z, w) and hence TL(Ks) = H(Kc,a) isometrically. Conditions (1) 
and (2) now follow from the properties of H(Kc,a) listed in Proposition 13.31 and 
the discussion immediately following. 

One can also prove points (1) and (2) directly from the characterization oiTL(Ks) 
in part (3) of Proposition 14.11 (and thereby bypass realization theory) as follows; 
these proofs follow the proofs for the classical case in [181 119) . For the contractive 
inclusion property (part (1)), note that 



9=0 



To verify part (2), we compute 



ll/ + ^llV*)-I^W 
- = ™?_{ |l/ + Ms - 9ll ^(^)- |l - 9ll ^(^)} 



a i a 

Y,W S ifWn(Ks) = S »P E [\\^f + M s9j \\ 2 H ^ d) \\9j\\ 2 h^) 



sup 

9j 



a 

J2 [\\SjS*f + M s (g jZj )\\ 2 - WgjZjWl^ 



i =1 

i! 



sup { WS&f + M s(9jZj)\\ 2 HUr d) + \\M\y ~ E Ml? 



a., 



\M\y 



3 = 1 



3=1 



< 



{\\f + M s9 \\ 2 H ^ d) - Hsll^^)} - ||/0|| 
sup {lIZ + M^H^ - IMI^)} - H/0II 



\n{K S ) 



II/0II! 



and part (2) of Proposition 14. 21 follows . 

To verify part (3), we again use the third characterization of TL{Ks) in Proposi- 
tion ETJ Pick gi,...,g d 6 H^Td) and let 



E-'' ' '- ' E ' S ' 



9 3 ■ 
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Since S*Si — SijI for i, j = 1, . . . ,d where Sij is the Kronecker's symbol, we have 

and, since the multiplication operator Ms commutes with Sj for j = 1, . . . , d, we 
have also 

d 

WsgWl^ = E ll^ill^^). (4.6) 

Next we note that 



\\S*{M s u) + MsgjWjq^ = \\S*(M s u)r + 2M(S*(M s u), M s9j ) + \\M agj \\' 

= (SjS^Msv), M s u) + Tk{M s u, M s g jZj ) + \\M sgj f. 

Summing up the latter equalities for j = 1, . . . , d, making use of (|4.tj[l and applying 
the identity 

d 

/-/0=£^S*/ (feH y (T d ) 

3=1 

to / = Msu, we get 

d 

E \\ S j( m su) + Msgj\\ 2 H 2 { f d) = (Msu - S0 w, M s u) + 2$t(M s u, M s g) + \\M s g\\ 2 

3 = 1 

= \\M s u\\ 2 - \\s $ u\\ 2 + 2R(M s u, Msg) + \\M s g\\ 2 
= \\M s u + M s g\\ 2 H^ d) ~ ||*0«||y. (4-7) 
Since ||-Ms|| p < 1 and since ~g% = 0, we have 

\\M s u + Msg\\ 2 H^ d ) = \\Ms(u + g)\\ 2 H* { r d) 

<\\ u + M 2 H^ d ) = \H 2 u+\\g\\ 2 H^ d y (4-8) 
Adding (JOJ, l|4~7|> and jO)| gives 

d 

E [l|5;(Mflu) + Ms5il||5^ d) - Ibll^)] < IMIw - ll»0«lly- 

3=1 

The latter estimate is uniform with respect to gj 's and then taking suprema we con- 
clude (by the third characterization of Tt(Ks) in Proposition ^. 1|) that S*(Msu) G 
7i(Ks) for each j — 1, . . . ,d with the estimate 

El|S;(M s u)||^ s) < ||u|£ - \\sQufy, 

3=1 

This concludes the proof of Proposition ^. 21 □ 
Let us define an operator E: Hy{J-d) — ► y by 

E: E fv* v ^h- (4.9) 



MULTIPLIERS ON THE FOCK SPACE 



19 



As is observed in Proposition 2.9] and can be observed directly, 

ES* v f =E I favTZ a ) = f v r for all f(z) = £ f a z a S H y {T d ) and v S T A . 

(4-10) 

Hence the observability operator Oe.s ■ Hy(Td) — > Hy(Td) defined as in (|3.18|1 
works out to be 

where r is the involution on Hy^Fd) given by 

For this reason we use the "reflected" de Branges-Rovnyak space 

H r (A s ) = r o H(A's) := {t(/) : / G H(A S )} (4.12) 

as the state space for our de Branges-Rovnyak-model realization of S rather than 
simply H(Ks) as in the classical case. We define 

\\r(f)\\H^(K s ) = \\f\\n(K s )- 
Recall that the operator of multiplication on the right by the variable Zj on h\y(Td) 
was denoted in (|3.2[1 by Sj rather than by Sj for simplicity. We shall now need its 
left counterpart, denoted by Sj and given by 

Sj : f(z) = " z i ■ /(*) = E f^' V ( 4 - 13 ) 

with adjoint (as an operator on HyiJFd)) given by 

{SfT- J2 f«* V " E frv* v - (4.14) 

For emphasis we now write Sj rather than simply Sj . We then have the following 
result. 

Theorem 4.3. Let S(z) G S nc ,d(M,y) and let W(Ks) be the associated de Bran- 
ges-Rovnyak space given by (14.121) . Define operators 

A dB Rj : n T (K s ) -> n T {K s ), B dBRj : U -» H T (K S ) (.? = 1, . . . , d)> 
Cds* : 7i T {Ks) -> y, £> dB * : W y 

by 

AdBR,j = (Sj )*|^(jf s ), B d BR,j = t(Sj )*Ms\u = {Sj)*rMs\u, 
CdBR = E\h t {k s ), D dB R = S0 (4-15) 

where E is given by Q4.9JI ■ afid sei 

^.dBfl.l BdBR,l 



AdBR — 

Then 



A 



dBR.d 



H T (K s )^n T {K s ) d 1 B dBR 



B 



dBR,d 



U^H T {K S )° 



u 



A dB R 


BdBR. 




~H T (K S ) 




~H T (K s ) d ~ 


C dB R 


DdBR_ 




U 




y 
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is an observable coisometric colligation with transfer junction equal to S{z): 

S{z) = D dBR + C dBR {I n , (Ks) - Z{z)A dBR )- 1 Z{z)B dBR . (4.16) 

Any other observable, coisometric realization of S is unitarily equivalent to this 
functional-model realization of S. 

Proof. As observed in Proposition 14.21 TL{Ks) is invariant under S* for each j = 
1, . . . , d. From the easily checked intertwining relations 

(S^)*t = r(Sf )* tot j = l,..., d, (4.17) 

the fact that H(Ks) is invariant under each (S^)* implies that H. T (Ks) is invariant 
under each (Sj)* for j = 1, . . . , d. Hence the formula for Ajbr.j in <|4.15[1 defines an 
operator on TC T (Ks). The first formula for -BdBRj in (|4.15|) defines an operator from 
U into H T (Ks) by part (3) of Proposition 14.21 this is consistent with the second 
formula as a consequence of (|4.17|) . From (14. 1 Of) it follows that the pair (E, S*) is 
observable and therefore, since C and A are restrictions of E and S respectively, 
the pair (C, A) is also observable. Hence, for u Gl4, making use of (|4.1()|l gives 

CdBRA^BRSdBRjU = E(S l )* v tS*(M s ■ u) = s v .ju 

and it follows that 

oo 

-DdBR + CdBR^ — Z(z)AdBn)~ 1 Z(z)B ( iBR = S® + E E CdBR-^-dBR^dBRJ Z V Zj 

3=1 v£F d 
d 

= S 8 + E E S v-3 zVz 3 = S i Z ) 
3=1 v£F d 

and i|4.16f) follows. 

By Proposition ^. 21 we know that H(Ks) is contractively included in Hy(T d ), is 
invariant under the backward-shift operators [Sj)* given by Ij3.3|l for j = 1, . . . , d 
with the difference-quotient inequality (|4.3|) satisfied. Hence, by part (4) of Theo- 
rem 2.8 in [SJ, it follows that the kernels K$ and -^c dBn ,A dBR match: 

K s (z,w) = A'c dB R,A dBR (2, w). (4.18) 

The fact that UdBR is coisometric now follows from Corollary 13.41 Finally, the 
uniqueness statement in Theorem 14.31 follows from Corollary 13. 91 □ 

Remark 4.4. The proof of Theorem 14.31 assumed knowledge of the candidate 
operators l|4.15|l for a realization of S and then amounted to a check that these 
operators work. We remark here that, once AdBR and -BdBR are chosen so that 
(I4.18|l holds, one can then solve for i?dBR,i • • ■ -BdBR.d according to the prescription 
(|3.33[1 in the proof of Theorem 13.81 

B* dBR z(w)*(i - A^ziwyy'c* = s(wy - s ; 

to arrive at the formula for -BdBRj (j ; = 1, ■ ■ ■ , d) in formula (|4.15() . 

Remark 4.5. It is possible to make all the ideas and results of this paper symmetric 
with respect to "left versus right" . Then the multiplication operator Ms given by 
(12.11) is really the left multiplication operator 

Ms= E s«(S L T-- f(z)^S(z)-f(z). 
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It is natural to define the corresponding right multiplication operator M<$ by 

m*= »a(s fl r. 

In the scalar case U = y = C where f(z) ■ S(z) makes sense, we have 

Mf: f(z)~ f(z)-(roS)(z) 

while in general we have 



a,ft^Td : a(3=v 



The Schur-class S nc ,d(M, y) is really the left Schur class S^ c d (U, y). The right Schur 
class S R C d (U, y) consists of all formal power series S{z) = J2 ve:Fd s v z v for which the 
associated right multiplication operator M R = ^ ve jr d s v (S R ) v has operator norm 
at most 1. The kernel Ks(z,w) given by Ij3.5|) is really the left kernel Kg(z,w) 
given by 

K s (z,w) = K%(z,w) = {[Iy - M!(M#)*](M. S «;))}(*). 
It is then natural to define the corresponding right kernel 

K§(z,w) = {[Iy-MK(M*y](k Sz (;W))}(z). 

Given an output pair (C, A), the observability operator 0c, A given by 13.18[l is 
really the left observability operator Oq a with range space invariant under the 
right backward-shift operators (S R )*; the corresponding right observability operator 

°c,a is s iven b y 



and has range space invariant under the left backward shifts (Sj)*. The system (|3.9[) 
is really a left noncommutative multidimensional linear system with left transfer 
function [|3.10(l 

T-sl (z)=D + C(I - Z(S L )Ay 1 Z(S L )B. 
For a given colligation U = [ p £] , there is an associated right transfer function 

T s h(z) = D + C(I - Z(S r )A)- 1 Z{S r )B 
associated with the right noncommutative multidimensional linear system 

{x(a ■ 1) = Aix(a) + Biu{a) 
'■ '■ (4.19) 

x(a ■ d) = Adx(a) + B d u(a) 
y(a) = Cx(a) + Du(a) 

initialized with x(0) = 0. With these definitions in place, it is straightforward 
to formulate and prove mirror-reflected versions of Theorem 13.11 Proposition 13.31 
Theorem l3.5l Theorem l3.8l fas well as Theorems l5 . Il and l5 . 2l to come below); we leave 
the details to the reader. With all this in hand, it is then possible to identify the 
state-space H T (K S ) = t o H{K L ) appearing in Theorem 14. 31 as nothing other than 
H.(Kg ). Thus, the functional-model realization for a given S as an element of the 
left Schur class S L C d (U,y) uses as state space the functional- model space H(K R ) 
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based on the right kernel Kg while the realization of S as a member of the right 
Schur-class S^ cd (U,y) uses as the state space the functional-model H(Kg) based 
on the left kernel Kg. Presumably it is possible to have an S in the left Schur-class 
S% c d {U, y) but not in the right Schur-class S^ c d (U, y) and vice- versa, although we 
have not worked out an example. With this interpretation, the functional-model 
realization in Theorem 14.31 becomes a more canonical extension of the classical 
univariate case. 

Let us say that S s S nc ,d{U,y) is inner if the multiplication operator 

M s : H*(F d )^H y (F d ) 

is isometric; such multipliers are the representers for shift-invariant subspaces in 
Popescu's Fock-space analogue of the Beurling-Lax theorem (see also |E])- It 
is now an easy matter to characterize which functional-model realizations as in 
Theorem 14 . 31 go with inner multipliers. 

Theorem 4.6. The Schur-class multiplier S € S nc ,d(M, y) is inner if and only if 
S has an observable, coisometric realization Ij3.7[l such that A = (Ai, . . . , Ad) is 
strongly stable (see (|3.21l) ). 

Proof. By Corollary 13. 91 any observable, coisometric realization is unitarily equiv- 
alent to the functional-model realization given in Proposition 14.21 Note that S is 
inner if and only if J — MgMS is an orthogonal projection. From the characteriza- 
tion of H(Ks) in part (2) of Proposition l4~Tl we see that this last condition occurs if 
and only if TL(Ks) is contained isometrically in Hy(!Fd). By part (3) of Proposition 
13.31 this in turn is equivalent to strong stability of A, and Theorem 14.61 follows . □ 

5. Shift-invariant subspaces and Beurling-Lax representation 

theorems 

Suppose that (Z, X) is an isometric input pair, i.e., Z = [Z\, . . . , Z d ) where each 
Zj \ X — ► X and X : y — > X. We say that the input pair (Z,X) is input-stable if 
the associated controllability operator 

Cz,x: f- zV ^ E ^Xfv 

maps Hy{Td) into X. We say that the pair (Z,X) is exactly controllable if in 
addition Cz,x maps Hy(Td) onto X. In this case the associated controllability 
gramian 

Gz.x ■— Cz,x(Cz,x)* 
is strictly positive-definite on X. and is the unique solution H = Qz,x of the Stein 
equation 

H-ZiHZl Z d HZ* d =XX*. (5.1) 

By considering the similar pair 

(Z', X') with Z' = (Z[, ...,Z' d ) where Z] = H- 1/2 Z 3 H 1/2 and X' = H- 1/2 X, 

without loss of generality we may assume that the input pair (Z, X) is isometric, 
i.e., H5.1[) is satisfied with H = Ix- We are interested in the case when in addition 
Z* is strongly stable in the sense of Ij3.21|l : in this case Gz,x is the unique solu- 
tion of the Stein equation (|5.1|l . We remark that all these statements are dual to 
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the analogous statements made for observability operators Oc,a since the adjoint 
(C, A) := (X* , Z*) of any input pair (Z, X) is an output pair. 

Given any isometric input pair (Z, X) with Z* strongly stable, we define a left 
functional calculus with operator argument as follows. Given / G Hy(J-d) of the 
form f(z) = J2ver d Z" 2 ^ defme 

(Xf) AL (Z)= £ Z vT Xfv=:C z , x f. 

We define a subspace Adz,x to be the set of all solutions of the associated homo- 
geneous interpolation condition: 

M z ,x := {/ G H y (T d ): (Xf) AL (Z) = 0}. 

That Adz.x is invariant under the (right) shift operator Sj follows from the inter- 
twining property Cz,xSj = ZjCz,x verified by the following computation: 

Cz,xSjf = (xs,f) AL (z) = ]T z^ T xf v = z r Y, z vT *fv 

= Z 3 ■ (Xf) AL (Z) = Zfiz,xf- 

It is easily checked that Adz,x is closed in the metric of Hy(Td)- Hence, by 
Popescu's Beurling-lax theorem for the Fock space (see [23) it is guaranteed that 
■Mz.x has a representation of the form 

Mz,x = 0-Hu(F d ) = RanMe 

for an inner multiplier 9 G iS rlc ,c;(W, y). Our goal is to understand how to compute 
a transfer-function realization for 9 directly from the homogeneous interpolation 
data (Z, X). First, however, we show that shift-invariant subspaces M C Hy(!Fd) 
of the form M. = Mz,x for an admissible input pair (Z,X) as above are not as 
special as may at first appear. 

Theorem 5.1. Suppose that A4 is a closed, shift-invariant subspace of Hy(Td). 
Then there is an isometric input-pair (Z,X) with Z* strongly stable so that Ai = 

Proof. If M. is invariant for the operators Sj, then M. 1 - is invariant for the operators 
S* for each j — 1, . . . , d. Hence by Theorem 2.8 from jS] there is an observable, 
contractive output pair (C, A) so that Ad 1 - = H.(Kc,a) = Han Oc,a isometrically. 
As Ad 1 G Hy(!Fd) isometrically, Proposition 13. 31 tells us that we may take (C, A) 
isometric and that A is strongly stable. Let (Z,X) be the input pair (Z,X) — 
(A*, C*). As M 1 = Ran O c>A , we may compute Ad as 

Ad = (Ran O c ,a) X = Ker (O c ,a)* = Ker C A *,c- = Ker C z ,x 
and Theorem 15.11 follows . □ 

We now suppose that a shift-invariant subspace is given in the form Ad — Adz.x 
for an admissible homogeneous interpolation data set and we construct a realization 
for the associated Beurling-Lax representer. 

Theorem 5.2. Suppose that (Z,X) is an admissible homogeneous interpolation 
data set and Adz.x = Ker Cz,x is the associated shift-invariant subspace. Let 
(C, A) be the output pair defined by 

(C,A) = (X*,Z*) 
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and choose an input space U with dim 14 = rank {I X d^y — [g] [a* C* ]) and define 

-D\ 



an operator [ £ ] : U — ► X d ®y as a solution of the Cholesky factorization problem 



[B* D*] = 1 



x d ®y 



[A* C*] 



Set U = [q £)] and let 9 6 S nc _d(l4,y) be the transfer function ofXJ: 

6(z) = D + C(I - Z(z)A)- 1 Z{z)B. 
Then 9 is inner and Aiz.x = 9 • Hy(J-d). 

Proof. If (Z,X) is an admissible homogeneous interpolation data set, then (Z, X) 
is controllable and Z* is strongly stable. Since (C, A) = (X*, Z*), we have (C, A) 
is observable and A is strongly stable. ^From the construction of U, we know U is 
coisometric. Then by Theorem l4.6l 9 is inner and hence I—MgMg is the orthogonal 
projection of Hy(Td) onto (Ran M$) . From part (2) of Proposition (|4.1|l it then 
follows that 

H{K B ) =H y Q6- Bu{T d ) isometrically. (5.2) 
On the other hand, again since U is coisometric, from Corollary 13.41 we see that 
Kq = Kc,A and hence H(Kg) — H(Kc,a)- Since A is strongly stable, Proposition 
13.31 tells us that TC(Kc a) is isometrically included in By(Td) and is characterized 

by 

H(K e ) = H(K c ,a) = Ran O c ,a = Ran (C z ,x)T- (5.3) 
Comparing l|5.2() with (|5.3I) and taking orthogonal complements finally leaves us 
with 

9 ■ Bl(T d ) - (Ran (Cz.x)*)^ = Kcr C z ,x = M z ,x 
and Theorem 15.21 follows . □ 
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